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Arbeitsbereich Geometrie and CAD

I Arbeitsbereich Geometrie und CAD ist Teil des Instituts für Grundlagen
der Bauingenieurwissenschaften, Universität Innsbruck

I Zentrale Forschungsrichtungen: Computational Engineering
I Arbeitsbereich Geometrie and CAD: theoretische Kinematik und diskrete

Geometrie
I Verschiedene Topologien von Manipulatoren, direkte, inverse Kinematik,

Singularitäten, Algorithmen
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Abbildung: Ebener 3-RPR paralleler
Mechanismus.

Innocenti and Parenti-Castelli(1998)

McAree and Daniel(1999)

Macho, Altuzarra, Pinto and
Hernandez (2007)

Wenger and Chablat (2004)

Bonev, Briot, Wenger and Chablat
(2008)

I Geometrische Überlegungen liefern oft bessere Ergebnisse als
komplizierte mathematische und mechanische Rechnungen

I Geometrie und direkte Kinematik
I Singularitäten und der Satz von Desargues
I Singularitätenfreier Wechsel zwischen Bauformen
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I Geometrische Überlegungen liefern oft bessere Ergebnisse als
komplizierte mathematische und mechanische Rechnungen

I Geometrie und direkte Kinematik
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Direkte Kinematik, Singularitäten und der kinematische
Bildraum

Direkte Kinematik:
I Aus gegebenem Design und Gelenksparametern (Beinlängen) sind die

Bauformen zu bestimmen

I Es ist wohlbekannt, dass bis zu sechs Bauformen möglich sind
I Gosselin C., Sefrioui J., and Richard M. (1992), Wohlhart (1992), Gosselin

C. and Merlet J-P (1994),.....
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Singularitäten und der
kinematische Bildraum
Kinematische Abbildung

Kreiszwang

Singularitätenfläche
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Singularität:

Abbildung: Singuläre Lage

Sefrioui and Gosselin (1992,1995)

Collins and McCarthy (1998)

Hayes (1999)

H., Hayes, and Loibnegger (1999)

H. und Gosselin (2008)

I Der Manipulator ist singulär, wenn sich die drei Beingeraden in einem
Punkt schneiden

I Der Manipulator ist singulär wenn Basisdreieck und Plattform in
perspektiver Lage sind
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Kinematische Abbildung

Euklidische Bewegung D

p0 = A ·p (1)

A =

 1 0 0
a cosφ −sinφ

b sinφ cosφ

 , (2)

Kinematische Abbildung:
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Abbildung: Kinematische Abbildung
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Kreiszwang
Bedingung, dass ein Punkt auf einem Kreis läuft

C0(X 2 +Y 2)−2C1XZ −2C2YZ +RZ 2 = 0, R :=−r2 +C2
1 +C2

2

(x2−
1
2
(c2 +C2−x1(C1−c1)))

2 +(x3−
1
2
(x1(c2−C2)−C1−c1))

2

− 1
4

R2(x2
1 +1) = 0, (5)

Drei Kreisbedingungen:

h1 : 4x2
2 +4x2

3 +(x2
0 +x2

1 )R1 = 0

h2 : 4x2
2 −4A2x3x0 +4x3x0a2 +4x2

3 −4x1x2a2−4x1A2x2 +4x2
1 A2a2

−2A2a2 +R2 = 0

h3 : 4x2
2 +4B3x0x2−4A3x3x0−4x2x0b3 +4x3x0a3 +4x2

3 −4x1B3x0a3

+4x1A3x0b34x1x2a3−4x1B3x3−4x1A3x2−4x1x3b3−

+4x2
1 A3a3 +4x2

1 B3b3−2B3b3−2A3a3 +R3 = 0. (6)
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Kreiszwang
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Singularitätenfreier
Wechsel zwischen
Bauformen
Beispiel

Singularitätenfreier
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Abbildung: Geometrische Interpretation der Zwangsbedingungen

I Die Quadriken schneiden sich in sechs Punkten und in den absoluten
Punkten der quasielliptischen Geometrie des Bildraumes

I Ein Lösungspunkt gehört zu einer singulären Lage wenn die drei
Tangentialebenen an die Hyperboloide linear abhängig sind

S : x2
0 (ax0x2 +bx2x1 +cx3x1 +dx2

2 +ex3x2)+x0x1[fx2x1 +gx1x3 +h(x2
2 +x2

3 )]

+x2
1 (ix1x3 +ex3x2−dx2

3 ) = 0, (7)
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Singularitätenfläche

Die Singularitätenfläche kann rational parametrisiert werden (Noether, 1876)

x1 = u,

x2 =−v(u3i +(fv +g)u2 +(bv +c)u +av)

(ev −d)u2 +(hv2 +h)u +dv2 +ev
, (8)

x3 =− u3i +(fv +g)u2 +(bv +c)u +av
(ev −d)u2 +(hv2 +h)u +dv2 +ev

.

1. S schneidet die Fernebene x0 = 0in einer Doppelgeraden und zwei
weiteren Geraden.

2. Ebenen durch die Doppelgerade x0 = x1 = 0 schneiden S in
Kegelschnitten, die auch singulär sein können.

3. Lagen mit der Beinlänge Null liegen auf S.
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Singularitätenfreier
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Abbildung: Singularitätenfläche
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Singularitäten und der
kinematische Bildraum
Kinematische Abbildung

Kreiszwang

Singularitätenfläche
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Abbildung: Singularitätenfläche um x0 = 0 Abbildung: Schnitt mit x0 = 0

Er ist möglich von einer Bauform (Lösung der direkten Kinematik) zu einer
anderen Bauform zu wechseln ohne durch eine Singularität zu gehen
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Abbildungen: Die Singularitätenfläche im Gelenksraum

Abbildung: Singularitätenfläche im
Gelenksraum

Abbildung: Ebener Schnitt durch die
Singularitätenfläche

I Die äußere Hülle von S beschreibt die Grenzen des Arbeitsraumes
I Die verschiedenen Bereiche S bestimmen Gelenksparameter, die zu 2,4

or 6 reellen Lösungen der direkten Kinematik führen
I Jeder Punkt in J3 repräsentiert sechs Lösungen der direkten Kinematik!

Die Abbildung j−1 ist eins zu sechs!!
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Singularitäten und der
kinematische Bildraum
Kinematische Abbildung

Kreiszwang

Singularitätenfläche
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Singularitätenfreier
Bauformenwechsel

Abbildungen: Die Singularitätenfläche im Gelenksraum
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The equations of the three leg axes can be written as

ðAxis 1Þ : y cosðh1Þ ¼ x sinðh1Þ
ðAxis 2Þ : y cosðh2Þ ¼ ðx� A2xÞ tanðh2Þ
ðAxis 3Þ : y cosðh3Þ ¼ ðx� A3xÞ sinðh3Þ þ A3y cosðh3Þ

8><
>:

ð2Þ

The condition of these three axes to intersect (possibly at infinity) is

A2x sinðh2Þ sinðh3 � h1Þ þ ðA3x sinðh3Þ � A3y cosðh3ÞÞ sinðh1 � h2Þ ¼ 0 ð3Þ

which is the singularity equation of the manipulator. This expression along with the constraint equations of
the manipulator (i.e. writing the fixed distances between the three vertices of the mobile platform B1, B2, B3)
allow us to plot the singular curves in two-dimensional slices of the joint space (q2,q3) and of the workspace
(a,h1) for a fixed value of q1 [13,26].

2.3.1. Workspace singularities

Fig. 3a shows the singular curves in the workspace slice (a,h1) defined by q1 = 17 for the manipulator intro-
duced in Section 2.1. Note that because the space (a,h1) is a torus (the revolute joints are assumed unlimited)
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Fig. 2. A 3-RPR parallel manipulator in a singular configuration.
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M. Zein et al. / Mechanism and Machine Theory 43 (2008) 480–490 483

aus Wenger et.al., MMT, 2008

performing the representation of a section of the singularity
surface, as shown in figure 7.

6 sol

4 sol

2 sol

0 sol

l3

l1 = 15

l2

4 sol

0 sol

0 sol

2 sol

Fig. 7. Example of regions associated with a constant number of solutions
for the D.K.P.

As indicated in figure 7, outside the most external branch
of the singularity surface it is impossible to assemble the
manipulator by any means. Thus a new difference is evi-
denced between the workspace and jointspace. In the ab-
sence of establishing the actuators motion ranges, any point
on the output coordinate system is reachable, however, not
all positions in the input system are feasible.

VII. Solutions discussion

Below a detailed study is going to be carried out on how
the DKP solutions evolve in the workspace as the inputs
cross the different regions defined by the singularity surface
in the jointspace. To do this, an actioning sequence will be
analysed for the example mechanism. Starting with the ini-
tial values l1 = 15, l2 = 15 and l3 = 15, the value of l2
will be progressively increased. This process is illustrated
in figure 8. In the output domain, this actuators motion se-
quence is translated into theB1 reference point paths shown
in figure 9. In the figure 10 it is shown a table with the rep-
resentations of all the relevant postures described below.

The following evolution is observed in the solutions:
• For the initial position in the jointspace A, the mecha-
nism has six solutions in the workspace A1, A2, A3, A4,
A5 and A6. These six solutions evolve normally, while the
position in the jointspace varies within the starting region.
• On reaching position B, with l2 = 17.85, the jointspace
singularity surface is reached. In the workspace the mech-
anism goes from having six solutions to five B1, B2, B3,

l1

l3

l2

A

B

C

D

E

F

Fig. 8. Actioning sequence to study solution evolution
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Fig. 9. D.K.P. solutions for actuator sequence

aus Macho et.al. IFToMM, 2007
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nism has six solutions in the workspace A1, A2, A3, A4,
A5 and A6. These six solutions evolve normally, while the
position in the jointspace varies within the starting region.
• On reaching position B, with l2 = 17.85, the jointspace
singularity surface is reached. In the workspace the mech-
anism goes from having six solutions to five B1, B2, B3,

l1

l3

l2

A

B

C

D

E

F

Fig. 8. Actioning sequence to study solution evolution

x

θ

y

F1,2

D1

B5,6

D3,4

D1

B1 A1

D2

B2

A2

A5

A6

B3

A3

B4

A4

C4

C3

C1

C2E2

E1

Fig. 9. D.K.P. solutions for actuator sequence

aus Macho et.al. IFToMM, 2007



Robotik - Kinematik -
Geometrie, hin und

zurück

Manfred L. Husty

Einleitung

Direkte Kinematik,
Singularitäten und der
kinematische Bildraum
Kinematische Abbildung

Kreiszwang

Singularitätenfläche
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Table 1. Triply Coalesced Configurations with L1 = 14.98a

L1 L2 L3 θ1 θ2 θ3

A 14.9800 16.0305 29.5598 15.4752 13.8244 19.6981
B 14.9800 17.9860 26.4320 −10.5962 179.7018 −92.2033
C 14.9800 30.4276 26.6088 133.6913 124.1355 129.0776
D 14.9800 31.2717 16.1766 114.0472 −178.8453 −89.1941
E 14.9800 13.8533 6.2249 177.4512 −179.5421 99.3252

a. TheL terms have units of length; anglesθ are given in degrees.

Fig. 6. The bifurcation set associated with projection of the
contour of Figure 5 onto the(L2, L3)-plane withL1 = 14.98.
Other dimensions are given in the caption of Figure 5. Num-
bers correspond to the number of assembly modes for given
leg-rod lengths. Cusps atA, B, C, D, andE indicate leg
lengths having three coalesced assemblies. Other points on
the branch locus have two of their assemblies coalesced.
Cusps onL2 = 0 (L3 = 0) arise becauseθ2 (θ3) is unde-
fined, the constraint equations being nondifferentiable.

This gives a second, arguably more intuitive, test: at a triply
coalesced assembly, the coupler curve ofB3 has its center of
curvature atA3 and has radius of curvature equal toL3. The
choice ofB3 as the coupler point is arbitrary. Just as validly,
we could disconnect leg 1 (or leg 2) and useB1 (or B2), and
the same osculating pattern would be evident.

Using Aronhold’s construction for path curvature (Hunt
1990, sect. 5.5.1), a triply coalesced assembly can be con-
structed ad hoc, starting with any four-bar and an identified
coupler point. The same construction confirms thatA3 is
the center of curvature for pointsB3 in Figure 7. Moreover,
the argument can be extended to where four assemblies coa-
lesce because the coupler curve and the circle now osculate
to second order,B3 being a point of stationary curvature. Cit-
ing Müller (1903), Hunt (1990, sect. 7.5) reports that it is
possible to build a hinged four-bar coupler curve that has

six infinitesimally separated points in common with a circle.
Aronhold’s construction applied here would (presumably)
yield a platform with its six assemblies all coalesced. We
will not attempt to reconcile this possibility with the enumer-
ative argument given in Section 6 that for corank-1 degeneracy
no more than four assemblies are expected to be able to co-
alescence other than to remark that the singular behavior of
such a platform would be considerably more degenerate than
anything we deal with here.

To complete the example, Figure 8a shows Innocenti and
Parenti-Castelli’s trajectory superimposed on the branch locus
given in Figure 6. The trajectory starts and ends atS; as
expected, it encircles a cusp (the cusp atD). The pointS
is located in the region of the(L2, L3)-plane that has six
assemblies, and these are labeledS1 to S6 in Figure 8b. Also
shown are the pre-images of each assembly, along with this
cusp-encircling trajectory. The never-special motion is that
from assemblyS1 to S2 or vice versa (depending on whether
the encirclement is clockwise or counterclockwise). Other
never-special motions can, of course, be constructed by other
encirclements ofD, or for that matter, any other cusp, all this
being consistent with the discussion in Section 6.

8. Design Specialization: Coincidence
Constraints

We turn now to the idea raised in Section 1 that it might
be possible to altogether avoid second and higher-order de-
generacy of eq. (2) by specializing the design in one way or
another. This fits well with common sense; in the mechanical
world, orderly structure and regular form are almost always
good things. So whatever form the putative specialization
takes—this is not altogether clear for the octahedral manipu-
lator, though we have a fairly good idea of what it means for
the planar 3–3—it is expected to be recognizable in terms of
symmetry in the design.

Start by noting the octahedral manipulator has regular
structure when compared to the general 6–6, the regularity
coming through coalesced pairs of ball-socket joints (three in
the base, three in the platform body). This effects a direct
reduction in the number of possible assembly modes. With
the leg lengths fixed, the 6–6 has as many as 40 distinct as-
semblies (Wampler 1996), while the octahedral manipulator
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Singularitätenfreier Wechsel zwischen Bauformen

I Wir wissen schon: die Fläche ist zusammenhängend
I Wenn die Fläche selbst keine Singularitäten trägt ist der

singularitätenfreie Bauformenwechsel immer möglich

Spindeltorus:
(x2 +y2 +z2 +b2−a2)2−4b2(x2 +y2) =

0,a> b



Robotik - Kinematik -
Geometrie, hin und

zurück

Manfred L. Husty

Einleitung

Direkte Kinematik,
Singularitäten und der
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Example

Designparameter:

A2 = 16,A3 = 9,B3 = 6,a2 = 14,a3 = 7,b3 = 10

Beinlängen (Gelenksparameter) :

l1 =
√

75, l2 =
√

70, l3 = 10, → r1 = 75, r2 = 70, r3 = 100

Direkte Kinematik:

x0 x1 x2 x3
1.Lösung 1 -0.6677470786 -5.004903732 1.435724252
2.Lösung 1 -0.2050235422 -0.4833523455 4.393690958
3.Lösung 1 -0.1325338238 -3.108829192 3.068310422
4.Lösung 1 0.07787654624 -1.823931970 3.941698410
5.Lösung 1 0.1263321169 3.143974228 3.027320995
6.Lösung 1 0.6822704216 5.171971195 0.8536430082

Tabelle: Sechs reelle Lösungen der direkten Kinematik
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Singularitätenfreier
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Singularitäten und der
kinematische Bildraum
Kinematische Abbildung

Kreiszwang

Singularitätenfläche

Singularitätenfreier
Wechsel zwischen
Bauformen
Beispiel

Singularitätenfreier
Bauformenwechsel

3P

2
p

21

1

p

p

PP

3

1.Lösung 2.Lösung 3.Lösung 4.Lösung 5.Lösung 6.Lösung
-6711.754125 1984.244553 2346.758854 -1975.121040 -2560.561059 9001.350319

Tabelle: detJ der sechs Lösungen
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Bauformenwechsel

quadratische Bezierkurve die Lösung 4 und 5 verbindet

x1 = 0.1263321169(1− t)2 +1.2t(1− t)+0.07787654624t2,

x2 = 3.143974228(1− t)2−10t(1− t)−1.823931970t2 (9)

x3 =−3.027320995(1− t)2−10t(1− t)+3.941698410t2,
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Singularitätenfreier
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Kurve s45 und Teile von S im Gelenksraum

Rückabbildung s45 in den kinematischen Bildraum ergibt sechs Kurven mit
unterschiedlichem Verhalten

s2

s3

s4

s5

s6

0.5

0.75 k

0.25 D

t
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